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THERMODYNAMIC PROPERTEES OF POLYELECTROLYTE SOLUIXONS 

CONTJUNDIVC MIXTURES OF ~ION~VALENT AND TRWALENT COUNTERIONS 

Received 5 ApriI I976 

The osmotic coefficients, heats of dilution, and volume changeson dilution of aqueous solutions containing mixtures 
of polystyrenesulfonic acid and its lanthanum salt have been determined at 25°C. The curve representing the osmotic cocf- 
ficient as a function of the equivalent fraction of the acid has a maximum; the ~rrespo~d~ ctxves for the enthalpy and 
volume ctrartpeson dilution ltave a sigmoidal shape- Experimental results bave been compared with predictionsof the 
theory based on the cell model with cylidrical symmetry. A semiquantitative agreement between theory and experiment 
has hcen found. 

1. Intraduction 

Various thermodynamic properties of pure poly- 
electrolyte solutions have mainly been studied with 
solutions containing as counterions only one ionic 
species. In a series [l-3] of articks from this labora- 
tory the results of the mea~remen~s of the osmotic 
coefficient, heat of dilution, and volume change on 
dilution have been published for polyekctrolyte sofn- 
tions ~ntain~g monovaIent as weft as divaleat coun- 
terions. In this paper our studies of mixed poiyelec- 
trolyte solutions have been extended to solutions 
with mixtures of monov~ent and trivalent caunterions 
and a s&n&r set of thermodynamic d&a has been ac- 
cumulated. The polystyrenesuIfonate ion was chaser. 
as a polyion, as in most of our previous studies, and 
mixtures of hydrogen and lanthanum ions as coun- 
terions. 

2. Theoretical 

In many previous articles the cell model [4,5) has 
been successfully applied for the: interpretation of 
various thermodynamic properties of polyeIectroIyte 
solutions In &is paper the same model will be em- 
ployed for the computation of the osmotic caeffi- 
cient, heat of dilution, and volume Jrange on dilution 

for solutions with mixtures of mono- and trivalent 
counterions. 

According to the cell model [4,51 the cylindrical 
polyion of radius CI and length k carries u negative 
charges and is enclosed by a larger concentric cylinder 
of radius R which contains the counterions. Suppos- 
ing that the charges are unif~~ly smeared over the 
cyiindricz! surface of the polyion, the Poisson- 
Eoltzmann equation and the boundary conditions for 
the system of mono- and trivalent counterions read 

4ne 
=---g-p. iZGr<R, 

P = nt exp (-e#/kT) f 3 n: exp (- 3 q!t/krj, 

(2) 

where I$ is the electrostatic potential, J- is the distance 
from the cylinder axis, E is the dielectric constant of 
the solvent, p is t?te number density of charges, tf is 
the protonic charge, k is the Boltzmann constant, T is 
the absolute temperature, and nf: and n$ are the num- 
bers of monovalent and trivafent caunterions per unit 
volume at r = R, i-e., at Q = 0, respectively. 

The osmotic coeffkient of this system may be de- 
fmed by analogy with solutions having only one coun- 
terionic species [6] by 

9-f”; -&(@I *@3), (3) 



where ii, and ii:, are the average number densities of 
monovalent and trivalent ions, respectively. 

The key formulae for heat of dilution, AHD~CI_,E2~. 
and for volume change on dilution, Al/DC,...._+, ), are 
closely analogous. These two properties are de ;“- med 
as the enthalpy and voIume changes when a polyelec- 
trolyte solution is diluted from concentration cl to c2 
and are calculated per mole of monomer units. For- 
mally they may be split into two terms: 

and 

(41 

(5) 
where AH0 and AV’O are the nonelectrostatic and 
AH, and AV, are the electrostatic contributions. In 
the present calculation AHo and A V* are assumed to 
te much smaller than AH, and AV,, respectively, and 
are therefore neglected. This assumption has been suc- 
cessfu& applied in the interpretation of the enthalpy 
and volume changes on dilution OF polyelectrotyte 
solutions containing only one counterionic species 

f7,3f- 
It has been &own in Previous papers [2,31 that the 

excess function H, and t’,, calculated per monomole 
of polyelectrolyte, are given by 

and 

y =-ET de 
e 4x dP 

(6) 

(7) 

- e#/kT = 9, r = Q exp (t)? R = tz exp (r), (8) 

where R is the gas constant, P is the pressure, and the 
charging parameter X has been defined [4j by 

X = ve2/ekT%_ (9) 

For the evaluation of the integral in eqs. (6) and 
(7) we have to solve the Poisson-Boltzmann eq. (1) 
and (2). Introducing dimensionless quantities of eqs. 
(Si and (9) and considering the electroneutrality con- 
dition, v = (El +3 $)V. V= n(R2--n2)h, we obtain 
on the analogy of a previous paper 191 a more con- 
venient form of eq. (I): 

where $ and N(: are the equivalent fractions, r! 

LYj = +(I$ f 3ngj, @=I-@, 

and 

E = (if, f 35g)/(np f 3n$,_ 

The boundary condition [eq- (2)) and G(R) = (I 
read 

=-_A, Qtlr)=O- 

The average values of the equivalent fraction 
and JOY, are calculated from 

exp[2r+Q(t)l dt = -$8, $[exp (2-y)-11. 
0 

which follows from ffie electroneutrallty condit 
Likewise, the osmotic coefficient 9, eq_ (3), 

expressed with equivalent fractions of monovak 
species and $j: 

cp=(l M$/.$(I +-rn,). 

For the numerical calculations we have appli 
same method as described elsewhere 121. The CC 
puted values of the integral in eqs. (6) and (7) a 
plotted in fig. 1 against the equivalent fraction t 
monovalent counterionic species R, , for variou 
of r and for the structural value [6] of the char, 
parameter h( h= 2.83 at 298.1 S K with e = 78.5 
I+ = 2.52 rc). 

3_ Experimental 

Sodium polystyrenesulfonate, NaPSS (mol. 1 
100 000; degree of sulfonation, 1 .OO), purchase 
Polysciences Inc. (Rydal, Pa.) was used as starti 
material. After careful purification [lOI the sot’ 
salt was converted to the acid. Solutions with v. 
ratios of Hf and Laitf ions were prepared by a 

appropriate amounts of la+O, to the acid SO&X 

The exact concentrations of the Hf and tistt 
were determined by potentiometrie titration an 
chefometrlc EDTA titration with b~perome~i 
point indication [L 11, respectively. _ 



Fig. t_ The istegrd in eqr (6) and (7) as a function of tke 
e_puivaknt fraction of the monovatent counterionic species 
Nt , for various v&es of the wncentration parameter 7_ 

For a few equivalent fractions of the acid the os- 
motic coeffkients were obtained from the freezing 

point depression measurements. Since relativefy large 
amounts of polymer material are required in these ex- 
periments [IO], in later measurements the osmotic 
pressure method was applied. The results of the two 
methods were in good agreement. The osmometer was 
a commercial Melabs recording osmometer Model 
CSN-2. Experimental details have been described else- 
where [12f. 

Calorimetric measurements were carried out at 
2PC using the same calorimeter as in our previous 
heat of diMion measurements [13]. 

Lind~rstrom--Lang dilatometehs were used for 
volume change measurements. Typical experiments 
were performed at 2S°C by mixing 4.00 ml of a poly- 
electrolyte solutions with 4.00 ml of water, and ob- 

serving the resulting volume decrease. All details con- 
cerning experimental technique have been described 
p-eviously [8j . 
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Fig. 2. Enthaipies of dikttion of aqueous solutions caztaining 
mixtures of ~~ystyrenesu~on~c acid and its lanthanum nit at 
29C 3s s function of poly~!ectraIyte mo~~rne~~ty and for 
various equivalent fractions of the afid .@Hc. 

4_ Results and discussion 

Experimental osmotic coefficients, enthalpies of 
ditution, and volume changes on dilution were plotted 
against the Iogarithm of monomolality m for various 
constant equivalent fractions of the acid. An example 
of such variation is shown for the enthalpy of dilution 
in fig_ 2. The values of P, A&,, and dtrD for pure 
acid (3, = I) were taken from our recent articles 
[l&2,81 in which the same polymer sample as in the 
present studies was used. Because a gel formation was 
observed at the equivalent fractions of the acid lower 
&an 0.1, the lowest fraction studied was IT, = O-14. 
The upper scale in fg. 2 gives the value of the concen- 

tration parameter y, which has been defined by eq. (8) 
and which is related to the monomolar concentration 

cby Cl41 

y = fn (Kfa) = 4 1st (103/&% fVA) - + In c. 



Kg. 3. Comparison of the expcrimcntal osmotic coefficients 
of mixtures of HPSS and kPSS in water at 25°C (points) 
with those predicted by theory (upper curve). Polymer wn- 
centration: 0.001 monomol/kg H20. 

-l 
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Fig. 4. ComparAon of the experimental enthalpy of dilution 
of mixtures of HPSS and LaPSS in water at 25°C (points) 
with that predicted 61’ theory (upper curve). Concentration 
range from 0.0600 to 0.00 110 monomo&r. 

Fig. 5. Comp;lrison of the experimental volume change on 
dilution of mixtures of HPSS nnd LaPSS in water at 2S°C 
(points) with that predicted by theory (lower curve). Con- 
centration range from 0.163 to 0.0600 monomolar. 

In this equation b is the length of a monomeric unit 
and fVA is Avogadro’s number. In calculating 7 from 
eq. (I 6) the difference between molality and molacity 
was neglected. 

The experimental and theoretical curves, presented 
in tigs. 3,4, and 5, show the variation of Q. AH,, and 
AV, with the equivalent fraction of the acid, resptc- 
tivel:I. The points were taken from experimental 
curves, such as the one for AZiD shown in fig. 2, while 
the corresponding theoretical curves were calculated 
From eqs. (IQ (41, (5), (14), (6), and (7), using for 
the charging parameter A Its structural value 2.83. For 
the parameters characteristic for solvent, the values for 
water at T = 298.15 K and P = 1 bar were used [ 151: 
e=78.36,dIn~/dtnT=-1_368,dIn~/dP=4.71 
X 10e5 bar-‘, and the value 8.0 A was taken for the 
macromolecular radius CL 

It is seen that the agreement between experimen- 
tal and calculated values is not quantitative, however, 
the characteristic shapes of the curves are properly 
predicted. This finding generally accords with the re- 
sults of previous studies on thermodynamic proper- 
ties of pure polyeiectrolyte solutions. They disclosed 
161 that obseFred values are equal to the calculated . 
ones for the truly rodlike polyelectrolyte such as 
DNA, but for flexible-chain polyelectrolytes, for 
which the rodlike model is a relatively crude approx- 
imation, experimental and theoretical values differ to 



a certain extent. The point should be stressed that 
similar behavior of p_ A&Q,, and AV, as observed in 
the present studies. has also been faund with poly- 
styrenesulfonate solutions containing mixtures of 
monovalent and divalent counterions [t-3], experi- 
mental values of 9 and dHr, being Iower and those of 
AVD higher than the theoretical ones. One of the rea- 
sons for too low calculated values of AV, ~ discussed 
previously [3], originates from the fact that a minor 
simplification has been made in the calculation !ead- 
ing to eq. (7). The error introduced in this way has 
been estimated [3] to about 10% in the concentration 
range of this study. This can explain too low caicu- 
lated vatues of AV, only at equivalent fractions 1v1 
higher than OS but cannot explain a large difference 
between calculated and experimental values at low iif,. 
The reason for this discrepancy can be sought in the 
fact that the theory is a purely electrostatic one and 
does not take rnto account the increasing noneoulom- 
bit interactions between ions at higher concentrations 
at which the voIume change measurements were car- 
ried out. 

Acknowledgement 

References 

5. Doiar and D. Kozak, in: Abstracts of the IUPAC 

Symposium on MacromoIcculcs, Lcydcn, I970 <Inter 
Scientias, The H_que, 1970) Vol. I, p. 363. 
D__DoItrand J. Skerjznc,J. Chcm. Phys. 61 (1974) 4106. 

I. Skctjanc and D. Dotar, J. Chem, Phys. 63 (1975) 515. 
R.M. Fuoss, A. Katchslsky and S. Lifson, Proc. Natl. 
Acad. Sci. USA 37 (19s I) 579. 
T. Atfrey. P.W. Berg and ii. bforawctz, J. Pofym. Sri 7 
(1951)543. 
A._Katch&ky. Puru Appt. Chcm. 26 (1971) 327. 
J.Skeianc. D. Dohr and D. LeakovIrk, 2. Physik. Chcm. 
(Frankfurt nm Main) 56 (1967) 107. 
J. %krjnnc. I. Phys.Chcm. 77 (1973) 2125. 
D. Doter and A. Pcterlin, 3. Chem. Phys. 50 (1969) 3011. 
D. Korak. J. K&ran and D. Dokr. Z. Physik, Chcm. 
(Frankfurt am Main) 76 (197 1) 85. 
F. Vydra and J. Hor&ek, Anal. Letters 1 ( 1967) 3 1. 
G. Vesnavcr and D. Dolor, Europ. Polym. J. I I (19751 

652. 
J. Skcrjanc, 5. DoIar and D. LcskoGek, 2. PhysIk. 
Chem. (Frankfurt am Xiain) 70 (1970) 3 1. 
S. Lifson and A. Katchslsky. 5. Polym. Sci. 70 (1954) 
43. 
B.B. Owen. R.C. Xlillcr, C.E. Milncr and H.L. Cogan. 
J _ Phys. Chcm. 65 ( 196 I) 1065. 

The authors want to thank the Boris KidriE Found 
for partial financial support. 


